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Evolution of physical observables and entropy in laser process studied on the basis of
Kraus-form solution of laser’s master equation
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Though laser physics began at 1960s, its entropy evolution has not been touched until very
recently the Kraus-form solution of laser’s master equation is reported (Ann. Phys. 334 (2013)).
We study the new physics based on the discovery in this paper. We analyze time evolution of physical
observables and quantum optical properties in the laser process with arbitrary initial states, such as
the photon number, the second degree of coherence, etc. The evolution of entropy of these states is
also studied. Our results well conform with the known behaviour of laser, which confirms that the
master equation describes laser suitably, and the Kraus-form operator solution is correct, elegant
and useful.
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I. INTRODUCTION
The birth of laser, opening up the research area of
quantum optics in 1960s, is one of the greatest inven-
tions of mankind. Quantum mechanically, the stable
laser above some threshold is described by a coherent
state. However, as a thermo object, the entropy evo-
lution of a laser process has not been touched until very
recently we evaluated it after solving time evolution mas-
ter equation of the laser[1–4]
dρ(t)
dt
= g[2a†ρ(t)a− aa†ρ(t)− ρ(t)aa†] (1)
+κ[2aρ(t)a† − a†aρ(t)− ρ(t)a†a],
and obtained its solution in the form of infinite sum (or
named Kraus form solution)
ρ(t) =
∞∑
i,j=0
Mijρ0M
†
ij . (2)
Mij is usually called Kraus operator
[5, 6]. In Eqn. (1)
g and κ represent the cavity gain and loss respectively,
a† and a are photon creation and annihilation opera-
tor. For Eqn. (2) we have used the entangled state
representation[7] to derive
Mij =
√
T3κigjT
i+j
1
i!j!T 2j2
ea
†a lnT2a†jai, (3)
and
T1 =
1− e−2(κ−g)t
κ− ge−2(κ−g)t , T2 =
(κ− g)e−(κ−g)t
κ− ge−2(κ−g)t ,(4)
T3 =
κ− g
κ− ge−2(κ−g)t .
It is noticeable that they are not independent of each
other, in fact
T3 = 1− gT1, T 22 /T3 = 1− κT1. (5)
One can check the trace conservative law
∞∑
i,j=0
M †ijMij = 1. (6)
Since laser’s evolution and properties are very impor-
tant we must answer the important question: does the
solution in Eqs. (2-4) can indeed reflect laser channel’s
physical properties? In this work, we shall study the
evolution of some important physical quantities in laser
process such as the photon number, the second degree of
coherence, for laser with arbitrary initial states. Since
entropy involves both thermodynamic and informative
properties, it is important to explore the evolution of en-
tropy of these states. As one can see shortly later, our
results well conform with the behavior of laser, which
confirms that our solution Eqs. (2-4) is correct, elegant
and useful.
II. THE EVOLUTION OF ρ
In terms of the number state |m〉 = a†m√
m!
|0〉 in Fock
space, and
a |m〉 = √m |m− 1〉 , a† |m〉 = √m+ 1 |m+ 1〉 .
For arbitrary initial state ρ0 =
∞∑
m,n=0
ρm,n |m〉 〈n|, using
Eqs. (2, 3) we have
ρ(t) =
∞∑
i,j=0
Mijρ0M
†
ij
=
∞∑
i,j=0
∞∑
m,n=0
T3κ
igjT i+j1 T
m+n−2i
2
i!j!
√
m!n!(m−i+j)!(n−i+j)!
(m−i)!2(n−i)!2
×ρmn |m− i+ j〉 〈n− i+ j|
=
∞∑
i,j=0
∞∑
m′,n′=0
T3κ
igjT i+j1 T
m′+n′
2
i!j!
√
(m′+i)!(n′+i)!(m′+j)!(n′+j)!
m′!2n′!2
×ρm′+i,n′+i |m′ + j〉 〈n′ + j| .
(7)
2We now discuss ρ(t) for different working conditions of
laser as follows.
If κ > g, gain is less than loss, then from Eqn. (4) we
know
T1 =
1
κ
+O
(
e−2(κ−g)t
)
, (8)
T2 =
κ− g
κ
e−(κ−g)t +O
(
e−3(κ−g)t
)
,
T3 =
κ− g
κ
+O
(
e−2(κ−g)t
)
.
Therefore only those terms with m′ = n′ = 0 in Eqn. (7)
will contribute to ρ(+∞) (long time limit)
ρ(+∞) =
∞∑
i,j=0
T3 (+∞)κigjT i+j1 (+∞) ρii |j〉 〈j| (9)
=
κ− g
κ
∞∑
j=0
( g
κ
)j
|j〉 〈j|
∞∑
i=0
ρii
=
(
1− e− ln κg
) ∞∑
j=0
e−j ln
κ
g |j〉 〈j| .
The quantum state approaches to therm-equilibrium
state with equivalent temperature T = ~ωkB ln κg
, where
kB is the Boltzmann constant. The properties of therm-
equilibrium state are well-known to the physicists.
If κ < g, then
T1 =
1
g
− g − κ
g2
e2(κ−g)t +O
(
e3(κ−g)t
)
, (10)
T2 =
g − κ
g
e(κ−g)t +O
(
e3(κ−g)t
)
,
T3 =
g − κ
g
e2(κ−g)t +O
(
e3(κ−g)t
)
.
The overall factor T3 of ρ(t) in Eqn. (7) is also expo-
nentially small, therefore ρ(t) will not approach to any
specific state when t → +∞. More works are need to
analysis the behavior of the laser when κ < g.
III. EVOLUTION OF THE EXPECTATION OF
PHYSICAL QUANTITIES IN LASER
The expectation of a physical quantity Aˆ for a system
described by density operator ρ is defined by
〈
Aˆ
〉
≡
Tr
(
Aˆρ
)
. Since ρ evolves with time,
〈
Aˆ
〉
is a func-
tion of time too. For laser processes with different
initial states ρ0, it will be overwhelming to calculate
ρ (t) =
∑∞
i,j=0Mijρ0M
†
ij for each ρ0. Noticing that
〈
Aˆ
〉
t
≡ Tr
[
Aˆρ (t)
]
= Tr

 ∞∑
i,j=0
AˆMijρ0M
†
ij

 (11)
= Tr

 ∞∑
i,j=0
M †ijAˆMijρ0

 = Tr (Aˆtρ0) ,
where the evolving Aˆ operator is defined as
Aˆt ≡
∞∑
i,j=0
M †ijAˆMij (12)
=
∞∑
i,j=0
T3κ
igjT i+j1
i!j!T 2j2
a†iajea
†a lnT2Aˆea
†a lnT2a†jai.
Thus instead of calculating ρ (t) for each ρ0, we just
need to calculate the evolving Aˆ operator Aˆt for each Aˆ.
Once we obtain Aˆt, we can calculate
〈
Aˆ
〉
t
≡ Tr
(
Aˆtρ0
)
for arbitrary initial state ρ0 straightforwardly. Fur-
ther, even when the operator Aˆ (t) itself is time de-
pendent, we can still define the evolving Aˆ (t) opera-
tor Aˆ (t)t ≡
∑∞
i,j=0M
†
ijAˆ (t)Mij . And we still have〈
Aˆ (t)
〉
t
≡ Tr
[
Aˆ (t) ρ (t)
]
= Tr
(
Aˆ (t)t ρ0
)
.
IV. THE GENERATING FUNCTION OF THE
EVOLVING
(
a
†
a
)
m
OPERATORS
In this section we do some preparatory work for calcu-
lating the evolution of the expected photon number and
the second degree of coherence in lasers.
Since
∞∑
m=0
1
m!
λm
(
a†a
)m
= eλa
†a, (13)
we have
∞∑
m=0
1
m!
λm
[(
a†a
)m]
t
=
(
eλa
†a
)
t
. (14)
Once we obtain
(
eλa
†a
)
t
, the evolving photon number
operators
[(
a†a
)m]
t
can be calculated using the generat-
ing function
(
eλa
†a
)
t
(this is also named the cumulant
expansion): [(
a†a
)m]
t
=
dm
dλm
(
eλa
†a
)
t
|λ=0. (15)
Similarly, since
∞∑
m=0
1
m!
µma†mam =: eµa
†a := exp
[
ln (1 + µ) a†a
]
,
(16)
we have (
a†mam
)
t
=
dm
dµm
(
eln(1+µ)a
†a
)
t
|µ=0. (17)
Now we employ the completeness relation of the coherent
state |z〉 = exp
[
− |z|22 + za†
]
|0〉
∫
d2z
pi
|z〉 〈z| =
∫
d2z
pi
: e−|z|
2+a†z+z∗a−a†a := 1 (18)
3and the method of integration within an ordered prod-
uct of operators[8, 9] to calculate the generating function(
eλa
†a
)
t(
eλa
†a
)
t
=
∑∞
i,j=0
T3κ
igjT i+j1
i!j!T 2j2
a†iaje(2 lnT2+λ)a
†aa†jai
=
∑∞
i,j=0
T3κ
igjT i+j1
i!j! e
jλa†ie(λ+2 lnT2)a
†aaja†jai
=
∫
d2z
pi
∑∞
i,j=0
T3κ
igjT i+j1
i!j! e
jλa†i : e(T
2
2 e
λ−1)a†a : zj |z〉 〈z| z∗jai
= T3
∫
d2z
pi : e
T 22 e
λa†z+(gT1eλ−1)|z|2+(κT1−1)a†a+z∗a :
= T3
1−gT1eλ : exp
[(
T 22 e
λ
1−gT1eλ + κT1 − 1
)
a†a
]
:
= T3
1−gT1eλ exp
[
a†a ln
(
T 22 e
λ
1−gT1eλ + κT1
)]
.
(19)
Note that the convergence of the integration over z de-
mands that 1− gT1eλ > 0, λ < − ln (gT1).
We can immediately write down(
: eµa
†a :
)
t
=
(
eln(1+µ)a
†a
)
t
= T31−gT1(1+µ) : exp
[(
T 22 (1+µ)
1−gT1(1+µ) + κT1 − 1
)
a†a
]
:
(20)
Thus using Eqs. (17, 20) we have
(
a†a
)
t
= e2(g−κ)t
(
a†a+
g
g − κ
)
− g
g − κ (21)
and
(
a†2a2
)
t
=
2g2T 21
T 23
+ 4
gT1
T3
T 22
T 23
a†a+
T 42
T 43
a†2a2. (22)
The photon number expectation at time t is
〈
a†a
〉
t
= e2(g−κ)t
(
〈n〉0 +
g
g − κ
)
− g
g − κ. (23)
And if g > κ we have further〈(
a†a
)δ〉 ∼ Nδe2δ(g−κ)t (24)
as t → +∞ , where Nδ is a linear combination of〈(
a†a
)δ′〉
0
(δ′ 6 δ).
We have the following conclusions for arbitrary initial
states:
If g < κ, damping is larger than pumping, then〈
a†a
〉
t
∼ gκ−g as t → +∞, as one should expect for
therm-equilibrium state with temperature T = ~ωkB ln κg
.
If g > κ, pumping is larger than damping, then for
any initial states the system’s photon number
〈
a†a
〉
t
will
increase exponentially,
〈
a†a
〉
t
∼ e2(g−κ)t
(
〈nˆ〉0 + gg−κ
)
,
as a laser should behave when it is working well.
Now we examine how the second degree of coherence
g
(2)
0 =
〈a†2a2〉
0
〈a†a〉20
evolves into g(2) (t) =
〈a†2a2〉
t
〈a†a〉2
t
. According
to Eqs. (21, 22) we have
g
(2) (t) =
〈
a†2a2
〉
t
〈a†a〉2t
= 2 +
g
(2)
0 − 2
(1 + χ)2
(25)
where
χ (t) =
gT1
e2(g−κ)t 〈nˆ〉0 T3
. (26)
When g 6 κ, χ (t) = gT1
e2(g−κ)t〈n〉0T3
→ +∞, therefore
g(2) (+∞) ≡ 2 for any initial state ρ0.
When g > κ, χ (+∞) = g(g−κ)〈n〉0 > 0,
g
(2) (+∞) = 2 + g
(2)
0 − 2
(1 + χ (+∞))2 . (27)
For arbitrary initial state ρ0, we have
g
(2)
0 =
〈nˆ〉0 − 1
〈nˆ〉0
+
〈
nˆ2
〉
0
− 〈nˆ〉20
〈nˆ〉20
> 1− 1〈n〉0
, (28)
therefore
g
(2) (+∞) = 2 + g
(2)
0 − 2(
1 + g(g−κ)〈n〉0
)2 (29)
> 2−
1 + 1〈n〉0(
1 + g(g−κ)〈n〉0
)2
> 2−
1 + 1〈n〉0
1 + g(g−κ)〈n〉0
> 1,
i.e., when a laser works in g > κ region, the photons of
the laser tend to be bunching.
V. THE EVOLUTION OF ENTROPY
In our preceding paper[5] for an initial state ρ0 = |z〉 〈z|
we have derived the exact entropy expression
S (ρz (t)) = −kB
(
lnT3 +
gT1
1− gT1 ln gT1
)
, (30)
which is independent of the initial value z. Therefore
for initial state ρ0 =
∫
d2z
pi P (z) |z〉 〈z| with positive coef-
ficient in its Glauber–Sudarshan P-representation (such
quantum system has a classical analog), by the concave-
ness of von Neumann entropy, we have the following in-
equality
S (ρ (t)) = S
[∫
d2z
pi
P (z) ρz (t)
]
(31)
>
∫
d2z
pi
P (z)S [ρz (t)]
= S [ρz (t)]
∫
d2z
pi
P (z)
= −kB
(
lnT3 +
gT1
1− gT1 ln gT1
)
,
4which provides an estimation on the entropy.
Now we examine the evolution of the entropy for more
general initial states.
According to Eqn. (22), when κ > g, the density op-
erator will approach to ρ(+∞) = κ−gκ
∞∑
j=0
(
g
κ
)j |j〉 〈j| for
arbitrary initial state ρ0 =
∞∑
m,n=0
ρm,n |m〉 〈n|. The en-
tropy will approach to
S∞ = −kB
∞∑
j=0
κ− g
κ
( g
κ
)j
ln
[
κ− g
κ
( g
κ
)j]
(32)
= kB
(
g
κ− g ln
g
κ
+ ln
κ− g
κ
)
.
In the case κ < g, we first consider initial states
which are diagonal in photon-number representation,
ρ0 =
∞∑
m=0
ρm,m |m〉 〈m|. We have
ρ(t) =
∞∑
i,j=0
Mijρ0M
†
ij =
∞∑
k=0
ρkk (t) |k〉 〈k| , (33)
where
ρkk (t) =
k∑
m=0
T3 (gT1)
k−m T 2m2
(k −m)!
k!
m!2
f (m) (κT1) (34)
and
f (x) ≡
∞∑
i=0
ρiix
i, (35)
f (m) (x) ≡
∞∑
i=0
ρm+i,m+i
(m+ i)!
i!
xi =
dm
dxm
f (x) .
Correspondingly, the von Neumann entropy is
− S/kB =
∞∑
k=0
ρkk (t) ln ρkk (t) = I1 + I2, (36)
where
I1 =
∞∑
k=0
ρkk (t) ln
[
T3 (gT1)
k
]
, (37)
I2 =
∞∑
k=0
ρkk (t) ln
[
k∑
m=0
(
T 22
gT1
)m
k!f (m) (κT1)
m!2 (k −m)!
]
.
The first term in Eqn. (36) is
I1 =
∞∑
k=0
ρkk (t) lnT3 +
∞∑
k=0
kρkk (t) ln gT1
= lnT3 + 〈nˆ〉t ln gT1
= 2 (κ− g) t+ ln g−κg −
(
1 + g−κg 〈nˆ〉0
)
+ o (1)
(38)
when t→ +∞. And I2 is bounded below,
I2 >
∞∑
k=0
ρkk (t) ln f (κT1) = ln f (κT1) . (39)
Noticing that ρii > 0 and f (1) =
∞∑
i=0
ρii = 1 <
+∞, we see that the radius of convergence R > 1 for
power series f (x) ≡
∞∑
i=0
ρiix
i. Then positive power se-
ries
∞∑
m=0
f (m) (κT1)
ym
m! = f (κT1 + y) converges for 0 <
y 6 R − κT1. Therefore each term f (m) (κT1) y
m
m! 6
f (κT1 + y) is bounded with respect to m. We have
k∑
m=0
(
T 22
gT1
)m
k!f (m) (κT1)
m!2 (k −m)! (40)
6
k∑
m=0
(
T 22
ygT1
)m
k!f (κT1 + y)
m! (k −m)!
= f (κT1 + y)
(
1 +
T 22
ygT1
)k
,
therefore the second term in Eqn. (36)
I2 6
∞∑
k=0
ρkk (t) ln
[
f (κT1 + y)
(
1 +
T 22
ygT1
)k]
(41)
= ln f (κT1 + y) + 〈nˆ〉t ln
(
1 +
T 22
ygT1
)
∼ ln f
(
κ
g
+ y
)
+
(
g − κ
g
〈nˆ〉0 + 1
)
g − κ
gy
as t→ +∞, which is a finite number for 0 < y 6 R− κg .
Particularly, choosing y = 1 − κg in Eqn. (41), we see
that
I2 .
g − κ
g
〈nˆ〉0 + 1. (42)
Combining Eqn. (39, 42), we see ln f (κT1) 6 I2 6
g−κ
g 〈nˆ〉0 + 1 is a finite number as t→ +∞.
Finally from Eqs. (36, 39, 42) we have
2 (g − κ) t+ ln g(g−κ)f(κ/g) + 1 + g−κg 〈nˆ〉0
& S/kB = 2 (g − κ) t+O (1)
& 2 (g − κ) t+ ln gg−κ
(43)
as t → +∞ for laser with initial state ρ0 =∞∑
m=0
ρm,m |m〉 〈m| and g > κ. The specific entropy
S
〈n〉 ∼
2kB (g − κ) t
g
g−κ + 〈n〉0
e−2(g−κ)t
goes to zero exponentially.
5For arbitrary initial states ρ0 =
∞∑
m,n=0
ρm,n |m〉 〈n|, we
see from Eqn. (7) that the off-diagonal elements of ρ (t)
are exponentially small compared with diagonal elements
as t→ +∞ when g > κ, i.e., ρ (t) tends to be diagonal for
laser with arbitrary initial state. So we can well assume
that S = 2kB (g − κ) t+O (1) as t→ +∞ for laser with
arbitrary initial state when g > κ.
This result affirms that when a laser is working prop-
erly (g > κ), the entropy increases linearly with time, yet
the expected number of photons increases much faster,
therefore the specific entropy will goes to zero exponen-
tially. The photons in the laser are highly coherent and
bunching in this case.
VI. SUMMARY
In this paper, we analyze the laser process with
arbitrary initial states, and obtain the evolution law
of the photon number, the second degree of coher-
ence and the entropy. If κ > g, then the photons
in the laser will approach a therm-equilibrium state
with equivalent temperature T = ~ωkB ln κg
. The ex-
pected photon number approaches to gκ−g , the second
degree of coherence g(2) approaches to 2. The entropy
approaches to kB
(
g
κ−g ln
κ
g + ln
κ
κ−g
)
. If g > κ, then
the photon number will increase exponentially, 〈n〉 =
e2(g−κ)t
(
〈n〉0 + gg−κ
)
− gg−κ , and the second degree of
coherence g(2) approaches to 2 +
g
(2)
0 −2(
1+ g
(g−κ)〈n〉0
)2 > 1.
For ρ0 =
∞∑
m=0
ρm,m |m〉 〈m| in g > κ case, we proved
that the entropy will increase linearly, S ∼ 2kB (g − κ) t.
All these results conform with the known behavior of
laser, this confirms that the master equation (1) describes
laser’s behavior well, and the Kraus-form operator solu-
tion (2)-(4) is correct, elegant and useful.
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